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We investigate two-photon entangled states using two important degrees of freedom of the elec-
tromagnetic field, namely orbital angular momentum (OAM) and spin angular momentum. For
photons propagating in the same direction we apply the idea of entanglement duality and develop
schemes to do entanglement sorting based either on OAM or polarization. In each case the entan-
glement is tested using appropriate witnesses. We finally present generalizations of these ideas to
three- and four-photon entangled states.
PACS numbers: 03.65.Ud, 03.67.Mn, 42.50.Dv, 42.50.Tx
I. INTRODUCTION
It is known that for identical particles one can con-
struct entangled states by using different degrees of free-
dom, e.g., linear momentum, polarization or even orbital
angular momentum (OAM). For instance, for two pho-
tons traveling in different directions k1 and k2 one can
consider an entangled state involving linear momentum
and polarization degrees of freedom
|ΨPol〉 = 1√
2
(|H,k1〉 |V,k2〉+ |V,k1〉 |H,k2〉) . (1)
Such states are now routinely produced by type II para-
metric down conversion [1] and have been extensively
studied in the literature [2]. More recently it was re-
alized that orbital angular momentum is another degree
of freedom of the radiation field which can be fruitfully
employed for entanglement generation. This led among
others to the production of entangled states of the form
|ΨOAM 〉 = 1√
2
(|l,k1〉 |−l,k2〉+ |−l,k1〉 |l,k2〉) , (2)
which have been used in tests of nonlocality as well as for
applications in quantum communication and cryptogra-
phy [3–8].
A more interesting possibility would be to consider two
photons with the same linear momentum but with differ-
ent polarizations and OAM degrees of freedom
|Ψ〉 = 1√
2
(|H, l〉 |V,−l〉+ |H,−l〉 |V, l〉) . (3)
In this case we have entanglement between two types of
angular momenta, namely spin angular momentum and
orbital angular momentum. Entanglement of these two
degrees of freedom has not been studied extensively in
the literature so far.
In this paper we focus our attention precisely on entan-
gled states of the form of Eq. (3). We show how to pro-
duce these entangled states and use the recently formu-
lated duality of identical particle entanglement [9] to per-
form entanglement sorting. Note that the state given in
Eq. (3) has the interesting property that one can detect
the entangled character by studying either polarization
variables or OAM variables. These studies would yield
identical information if the particles are indistinguish-
able.
The paper is organized as follows. In Sec. II we describe
the production of single path two-photon states display-
ing polarization-OAM entanglement. To this aim we use
different types of polarization to OAM transferrers to
generate polarization-entangled photon pairs in separate
path modes whereupon a polarizing beam splitter (PBS)
is employed to project both photons into a single path.
Using entanglement duality we then describe entangle-
ment sorting in sections III and IV. More specifically,
we describe in Sec. III the detection of entanglement in
OAM variables, whereas in Sec. IV we register the en-
tanglement in the polarization degrees of freedom. In
both cases entanglement witnesses are constructed. In
Sec. V we generalize the idea of entanglement sorting to
three- and four-photon entangled states, and in Sec. VI
we finally conclude.
II. ENTANGLED STATES OF POLARIZATION
AND ORBITAL ANGULAR MOMENTUM
To create polarization-OAM entanglement of two in-
distinguishable photons travelling in the same direction
(cf. Eq. (3)) a two-photon source has to be employed,
e.g., using parametric down conversion. The produced
down converted polarization-path entangled photon pairs
are then described by the quantum state given in Eq. (1).
Since in our case we want to replace the spatial degree of
freedom by OAM variables, two different polarization to
OAM transferrers (pi → l) are applied thereafter, where
pi (l) denotes the polarization (OAM quantum number)
of the particle, followed by a PBS for spatial mode mix-
ing.
A possible pi → l transferrer described in [10] consists
of a quarter wave plate (QWP) changing H (V ) polar-
ization to right (left) circular polarization, a q-plate and
2a PBS. A q-plate transforms left (right) circular polar-
ization to right (left) circular polarization while at the
same time producing OAM of l (−l) [11]. Recently, q-
plates producing OAM with values of up to |l| = 100 have
been reported [12]. Measuring only the horizontal output
mode of the q-plate by use of the PBS, every polarization
state 1/
√
2(|H〉+ |V 〉) with vanishing OAM (|l = 0〉) will
be transformed into the following superposition state of
OAM ±l [10]
1√
2
(|H〉+ |V 〉) |l = 0〉 q-plate−→ 1√
2
(|l〉+ |−l〉) |H〉 . (4)
In principle the same result can be achieved by using a
second type of pi → l transferrer as described in [13].
Hereby, spatial light modulators (SLM) are employed
which can produce OAM with values of up to |l| = 300.
By separating the photons according to their polarization
and sending them on different SLM, OAM of l (−l) can
be transferred independently to H (V ) polarized pho-
tons. The subsequent recombination of the distinct pho-
ton modes and deleting the polarization degree of free-
dom by use of a linear polarizer of diagonal polarization
D+ (|D+〉 = 1/
√
2(|H〉 + |V 〉)) completes the entangle-
ment transfer [13]
1√
2
(|H〉+ |V 〉) |l = 0〉 SLM−→ 1√
2
(|H, l〉+ |V,−l〉)
D+−→ 1√
2
(|l〉+ |−l〉) |D+〉 .
(5)
The output states of the two pi → l transferrers only dif-
fer in their polarization (cf. Eq. (4) and (5)). Half wave
plates (HWP) of angle θHWP1 = 22.5
◦ can then be used
to rotate the polarization D+ to H . Another possibil-
ity would be to rotate the coordinate system around an
angle of θsys = 45
◦; however, for a rotated coordinate
system all subsequent devices have to be rotated around
the same angle θsys as well.
In both cases of pi → l transferrers the polarization has
to be changed in one of the two spatial modes (e.g., k2).
This is done by employing a HWP of angle θHWP2 = 45
◦,
which finally produces a polarization-OAM entangled
state but still in two spatial path modes (see Fig. 1)
|Ψ′〉 = 1√
2
(|H, l,k1〉 |V,−l,k2〉+ |H,−l,k1〉 |V, l,k2〉) .
(6)
Since the state given in Eq. (6) displays two-photon en-
tanglement for either variables, OAM and path, or po-
larization and OAM, several tests of entanglement are
possible. For example, OAM-path entanglement could
be tested in an analogous way as the path-polarization
experiments presented in [9]. However, due to the simul-
taneous entanglement of OAM, polarization and path,
the two photons could not interfere when using polar-
ization sensitive photon-detectors since in this case the
photons become distinguishable. On the other hand, pro-
jecting all photons onto diagonal polarized states would
source
|ΨPol〉 = 1√2 (|H,k1〉 |V,k2〉+ |V,k1〉 |H,k2〉)
pi → l pi → l
1 2
HWP, 45◦
|Ψ′〉 = 1√
2
(|H, l,k1〉 |V,−l,k2〉+ |H,−l,k1〉 |V, l,k2〉)
vacuum
PBS
|Ψ〉 = 1√
2
(|H, l〉 |V,−l〉+ |H,−l〉 |V, l〉)
FIG. 1. A two-photon source is used producing a polarization-
entangled state in two spatial modes 1 and 2. Polarization to
OAM (pi → l) transferrers, here consisting of q-plates, trans-
fer horizontal and vertical polarization into OAM ±l, while
a second possible pi → l transferrer consists of spatial light
modulators (see text for details). A half wave plate (HWP)
in path mode 2 changes the polarization from H to V what
leads to a simultaneous entanglement of polarization, OAM,
and path. Mixing the two spatial modes through a polarizing
beam splitter (PBS) then creates the aspired polarization-
OAM entanglement in one single mode.
project the complete state onto a maximally OAM-path
entangled state. In this case interference becomes pos-
sible even for polarization sensitive detectors. Another
experiment could be to test polarization-OAM entangle-
ment of the two photons still being in distinct spatial
modes. This measurement would require entanglement
sorting via polarization and OAM, as being suggested in
the following for two photons travelling along the same
direction.
In what follows we thus concentrate on the two-photon
state prepared in only one single path. To this aim the
additional spatial degree of freedom has to be removed.
Since photons in mode k1 are always horizontally polar-
ized and photons in mode k2 are always vertically po-
larized, all photons can be projected onto a single path
mode by mixing modes k1 and k2 via a PBS (see Fig. 1).
This eliminates the spatial degree of freedom and cre-
ates entanglement solely between polarization and OAM
variables of the form (cf. Eq. (3))
|Ψ〉 = 1√
2
(|H, l〉 |V,−l〉+ |V, l〉 |H,−l〉)
≡ 1√
2
(|l, H〉 |−l, V 〉+ |−l, H〉 |l, V 〉) .
(7)
Starting from Eq. (7) we next make use of the properties
of entanglement duality [9]. As it is shown in Eq. (7) the
polarization-OAM entanglement can be written in two
equivalent ways, by interchanging the variables (H,V )
and (l,−l). This has been interpreted as two distinct
3possibilities of labeling the entanglement of two identical
particles [9]. Both entanglement labelings display two-
particle entanglement. Now, the produced dual state
can be separated into two spatial modes depending on
its labeling variables, i.e., either via the polarization or
the OAM degrees of freedom. This so-called entangle-
ment sorting allows for a direct measurement of the corre-
sponding variables’ entanglement (see Fig. 2 and 3) as in
both cases experimentally implementable witnesses can
be set up to prove the entanglement. Hereby, an observ-
able Wˆ is called entanglement witness when indicating
entanglement in the following way [14]
Tr[Wˆρs] ≥ 0 , Tr[Wˆρe] < 0 , (8)
with ρs representing all separable states and ρe repre-
senting at least one entangled state.
III. ENTANGLEMENT SORTING VIA
POLARIZATION
Sorting the state via polarization by use of a PBS di-
vides the given state |Ψ〉 of Eq. (7) into H and V po-
larized photons (see Fig. 2). Then flipping polarization
in the vertical mode from V to H employing a HWP of
θ = 45◦ eliminates the polarization degree of freedom
and produces the OAM-path entangled state |ΨOAM 〉 of
Eq. (2). This allows to measure OAM-path entangle-
ment. As shown in [13] a subsequent combination of a
radial symmetric slit mask (2l slits) and a bucket detector
in each spatial output mode 1 and 2 allows for measuring
the OAM-entanglement using an appropriate entangle-
ment witness Wˆ and considering coincident counts only,
even for very high quantum numbers l. In the following
the experimental idea from [13] will be explained, but
a different entanglement witness will be employed. The
derivation of this entanglement witness can be found in
[14, 15].
For the experimental approach one can make use of the
fact that any state of the form [13]
|Ψj〉 = 1√
2
(|l,kj〉+ eiϕj |−l,kj〉) , (9)
displays a radial intensity profile with 2l intensity max-
ima arranged in a circle, where j = 1, 2 denotes the spa-
tial path mode. Therefore, a rotatable slit mask of the
same symmetry can be used to measure every possible
superposition as a function of the mask’s rotation an-
gle γ′j . Obviously, the state measured by the mask then
reads [13]
|χj(φj)〉 = 1√
2
(|l,kj〉+ eiφj |−l,kj〉) , (10)
where the phase factor φj of the projected state is deter-
mined by the angular position of the slit mask [13]
γ′j =
φj · 360◦
2l · 2pi ⇔ φj =
γ′j · 2l · 2pi
360◦
. (11)
Coincidence measurements of both modes can then be
performed as a function of the angular positions γ′1 and
γ′2 of the slit masks in the two output modes.
The entanglement witness can be formulated in an ex-
perimentally implementable way consisting of different
mutually unbiased measures [15]
Wˆ =
1
2
1− |ΨOAM 〉 〈ΨOAM |
=
1
2
(| l1, l2〉 〈l1, l2 |+ |−l1,−l2〉 〈−l1,−l2|
− |d+1, d+2〉 〈d+1, d+2| − |d−1, d−2〉 〈d−1, d−2|
+ |L1,R2〉 〈L1,R2|+ |R1,L2〉 〈R1,L2|) ,
(12)
where |A1, B2〉 ≡ |A,k1〉 |B,k2〉. All parts of the witness
can be expressed by projected states of the slit masks (cf.
Eq. (10)). This can be accomplished by simply adjusting
the slit masks to appropriate angular positions. From
this follow the identities |d+j〉 = |χj(0)〉, |d−j〉 = |χj(pi)〉
denoting diagonal OAM states, and |Lj〉 = |χj(pi/2)〉 and
|Rj〉 = |χj(−pi/2)〉 denoting circular OAM states in anal-
ogy to polarization states. The complete witness in terms
of the mask projections now reads (cf. Eq. (12))
Wˆ =
1
2
1− |ΨOAM 〉 〈ΨOAM |
=
1
2
( | l1, l2〉 〈l1, l2 |+ |−l1,−l2〉 〈−l1,−l2|
− |χ1(0), χ2(0)〉 〈χ1(0), χ2(0)|
− |χ1(pi), χ2(pi)〉 〈χ1(pi), χ2(pi)|
+ |χ1(pi/2), χ2(−pi/2)〉 〈χ1(pi/2), χ2(−pi/2)|
+ |χ1(−pi/2), χ2(pi/2)〉 〈χ1(−pi/2), χ2(pi/2)|
)
.
(13)
Since in the experiment one is measuring intensities, i.e.,
coincidence counts, the measurements have to be nor-
OAM-entanglement measure
vacuum
|V 〉 〈V ||H〉 〈H |
HWP, 45◦
|ΨOAM 〉 = 1√2 (|l,k1〉 |−l,k2〉+ |−l,k1〉 |l,k2〉)
1 2
2l slit mask
detector
2l slit mask
detector
measuring coincident counts
FIG. 2. Separating the polarization-OAM entangled state (cf.
Eq. (7)) due to its polarization variables via PBS and elim-
inating the polarization degree of freedom by use of a HWP
leads to the OAM-entangled state |ΨOAM 〉. A given entan-
glement witness Wˆ (cf. Eq. (16)) can be determined measur-
ing coincidence counts of different state projections whereby
state projections are accomplished by radially symmetric slit
masks.
4malized by the sum of the intensities of the basis states
|l1, l2〉, |l1,−l2〉, |−l1, l2〉 and |−l1,−l2〉 [16].
Calculating the theoretical expectation value of the en-
tanglement witness (Eq. (12)) and the maximally entan-
gled state (Eq. (2)) gives a value of
〈ΨOAM | Wˆ |ΨOAM 〉 = −1
2
. (14)
Similar to [13] we now want to show that a general sep-
arable state (cf. Eq. (9))
|Ψs〉 = |Ψ′1,Ψ′2〉
=
(
a |l,k1〉 + beiϕ1 |−l,k1〉
)
⊗ (c |l,k2〉+ deiϕ2 |−l,k2〉
)
,
(15)
does not violate the entanglement witness, where
a, b, c, d ∈ R and a2 + b2 = c2 + d2 = 1. For this to
prove we have to determine the expectation value of the
witness 〈Ψs| Wˆ |Ψs〉 and show that 〈Ψs| Wˆ |Ψs〉 ≥ 0. For
the state |Ψs〉 from Eq. (15) the components of the en-
tanglement witness (cf. Eq. (12)) take the following form
〈Ψs| l1, l2 |Ψs〉 = a2c2 ,
〈Ψs| − l1,−l2|Ψs〉 = b2d2 ,
〈Ψs|d+1, d+2|Ψs〉 = |
1
2
(a+ beiϕ1)(c+ deiϕ2)|2 ,
〈Ψs|d−1, d−2|Ψs〉 = |
1
2
(a− beiϕ1)(c− deiϕ2)|2 ,
〈Ψs|L1,R2|Ψs〉 = |1
2
(a− ibeiϕ1)(c+ ideiϕ2)|2 ,
〈Ψs|R1,L2|Ψs〉 = |1
2
(a+ ibeiϕ1)(c− ideiϕ2)|2 ,
(16)
where 〈Ψs|A1, B2|Ψs〉 = 〈Ψs|A1, B2〉 〈A1, B2|Ψs〉. Solv-
ing the absolute squares
〈Ψs|d+1, d+2|Ψs〉 =
1
4
[1 + 2ab cos(ϕ1) + 2cd cos(ϕ2)
+ 4abcd cos(ϕ1) cos(ϕ2)] ,
〈Ψs|d−1, d−2|Ψs〉 =
1
4
[1− 2ab cos(ϕ1)− 2cd cos(ϕ2)
+ 4abcd cos(ϕ1) cos(ϕ2)] ,
〈Ψs|L1,R2|Ψs〉 =1
4
[1 + 2ab sin(ϕ1)− 2cd sin(ϕ2)
− 4abcd sin(ϕ1) sin(ϕ2)] ,
〈Ψs|R1,L2|Ψs〉 =1
4
[1− 2ab sin(ϕ1) + 2cd sin(ϕ2)
− 4abcd sin(ϕ1) sin(ϕ2)] ,
(17)
leads to the following value for the entanglement witness
(cf. Eq. (12))
〈Ψs| Wˆ |Ψs〉 = 1
2
[a2c2 + b2d2 − 2abcd cos(ϕ1) cos(ϕ2)
− 2abcd sin(ϕ1) sin(ϕ2)] .
(18)
Eq. (18) reaches a minimal value of 0 (for ϕ1 = ϕ2, a = d
and b = c) what confirms the validity of the witness and
the OAM-path entanglement of the two-photon state
|ΨOAM 〉.
Note that for very high quantum numbers l the coinci-
dence signal might have to be corrected by subtracting
accidental coincident counts. However, experiments for
at least l = 100 still display very good results without
correction [13].
Another possibility for measuring the OAM-
entanglement witness has been implemented consisting
of SLM in the two spatial output modes [17]. In this
case SLM take the role of the slit masks and project the
OAM-modes onto the distinct superposition states what
allows for measuring the witness.
IV. ENTANGLEMENT SORTING VIA
ANGULAR MOMENTUM
The second possibility of entanglement sorting requires
at first to divide up the polarization-OAM entangled
state of Eq. (7) according to the OAM numbers ±l. Holo-
graphic fork masks of appropriate order l can be used
to achieve this separation [18], as they diffract incident
photons while at the same time change their OAM. In
the first diffraction order photons with OAM-change of
∆l = +l can be found in one direction and photons with
OAM-change ∆l = −l in the other direction. Coupling
the photons into single mode fibers, transmitting pho-
tons with l = 0 only, allows for separation and detection
of photons with OAM ±l [10]. The state after the sepa-
polarization-entanglement measure
|0〉 〈−l||0〉 〈+l|
|ΨPol〉 = 1√2 (|H,k1〉 |V,k2〉+ |V,k1〉 |H,k2〉)
1 2
QWP+HWP
+PBS
detector
QWP+HWP
+PBS
detector
measuring coincident counts
FIG. 3. The polarization-entangled state |ΨPol〉 is generated
from the dual polarization-OAM state (cf. Eq. (7)). A fork
hologram is used to diffract the photons and change their
OAM by ∆l = ±l depending on the direction of diffrac-
tion. The dashed (red) lines denote single mode fibers ensur-
ing only detections of photons with OAM changed to l = 0.
The polarization-entanglement is then being verified perform-
ing different state projections and coincidence measurements,
which give rise to an entanglement witness (cf. Eq. (19)).
Different settings of a quarter wave plate (QWP), half wave
plate (HWP) and a polarizing beam splitter (PBS) fulfill the
necessary state projections.
5ration due to OAM components carries the polarization
entanglement and corresponds to |ΨPol〉 of Eq. (1). Prov-
ing polarization-entanglement can now be accomplished
by using again an appropriate entanglement witness. In
[16] this approach has been used to verify entanglement
for a polarization singlet state. Here the witness for test-
ing the given state (cf. Eq. (1)) is of the same form as
Eq. (12) but formulated in terms of polarization [15]
Wˆ =
1
2
1− |ΨPol〉 〈ΨPol|
=
1
2
(|H1, H2〉 〈H1, H2|+ |V1, V2〉 〈V1, V2|
−|D+1, D+2〉 〈D+1, D+2|−|D−1, D−2〉 〈D−1, D−2|
+ |L1, R2〉 〈L1, R2|+ |R1, L2〉 〈R1, L2|) ,
(19)
where again |A1, B2〉 ≡ |A,k1〉 |B,k2〉 and the diagonal
polarization states |D±〉 = (|H〉 ± |V 〉)/
√
2 and the cir-
cular polarization states left |L〉 = (|H〉+ i |V 〉)/√2 and
right |R〉 = (|H〉 − i |V 〉)/√2 have been inserted.
The different combinations of polarizations in the two
distinct output modes can be measured by applying
QWP, HWP and a PBS sequentially [16] where again
coincident counts have to be taken into account. Addi-
tionally, the measurements have to be normalized by the
sum of the coincident rates in the basis |H1, H2〉, |H1, V2〉,
|V1, H2〉 and |V1, V2〉 in order to obtain probabilities [16].
V. GENERALIZATION TO THREE- AND
FOUR-PHOTON ENTANGLEMENT
The combination of OAM and polarization degree of
freedom also allows for implementing entanglement sort-
ing with more than two identical photons. In [19] it
was shown that three-photon polarization-entanglement
can be produced in the form of a Greenberger-Horne-
Zeilinger (GHZ) state
|ΨGHZ〉 = 1√
2
(|H,k1〉 |V,k2〉 |V,k3〉
+ |V,k1〉 |H,k2〉 |H,k3〉) ,
(20)
where the photons are propagating in three different spa-
tial modes. Employing pi → l transferrers (cf. Eq. (4) or
(5)) and a polarization flipper leads to a three-photon
polarization-OAM-path entanglement. All photons can
now be combined into one single path by use of a collec-
tive lens, which gives rise to the following state
|Ψ′GHZ〉
=
1√
2
(|H, l〉 |V,−l〉 |V,−l〉+ |V, l〉 |V, l〉 |H,−l〉)
≡ 1√
2
(|l, H〉 |−l, V 〉 |−l, V 〉+ |−l, H〉 |l, V 〉 |l, V 〉) .
(21)
Here, entanglement sorting via polarization produces the
OAM-path entangled state
|ΨOAM,3〉 = 1√
2
(|l,k1〉 |−l,k2〉 |−l,k2〉
+ |−l,k1〉 |l,k2〉 |l,k2〉) ,
(22)
whereas entanglement sorting via OAM produces
polarization-path entanglement of the form
|ΨPol,3〉 = 1√
2
(|H,k1〉 |V,k2〉 |V,k2〉
+ |V,k1〉 |V,k1〉 |H,k2〉) .
(23)
Obviously, entanglement sorting for three-photon entan-
glement can only be accomplished in a modified way since
the asymmetric photon distribution causes the sorted
states to be of asymmetric form.
In case of four-photon entanglement which could arise
from type-II parametric down-conversion four photons
are created in two distinct directions [20, 21]
|ΨPol,4〉 = 1√
3
(|H,k1〉 |H,k1〉 |V,k2〉 |V,k2〉
+ |V,k1〉 |V,k1〉 |H,k2〉 |H,k2〉
+ |H,k1〉 |V,k1〉 |H,k2〉 |V,k2〉) .
(24)
By using SLM to induce OAM of l and −l in spatial
modes k1 and k2, respectively, and collecting all photons
in a single path mode with an optical lens, the following
four-photon polarization-OAM entangled state is gener-
ated
|Ψ4〉 = 1√
3
(|H, l〉 |H, l〉 |V,−l〉 |V,−l〉
+ |V, l〉 |V, l〉 |H,−l〉 |H,−l〉
+ |H, l〉 |V, l〉 |H,−l〉 |V,−l〉) .
(25)
Due to the symmetry of the four-photon state dual en-
tanglement sorting can be accomplished in the same way
as in the case of two-photon polarization-OAM entangle-
ment. For example, applying entanglement sorting via
polarization by use of a PBS leads to OAM-path entan-
glement (cf. Eq. (24))
|ΨOAM,4〉 = 1√
3
(|l,k1〉 |l,k1〉 |−l,k2〉 |−l,k2〉
+ |−l,k1〉 |−l,k1〉 |l,k2〉 |l,k2〉
+ |l,k1〉 |−l,k1〉 |l,k2〉 |−l,k2〉) ,
(26)
whereas entanglement sorting via OAM by use of a fork
hologram projects the state |Ψ4〉 (cf. Eq. (25)) onto the
polarization-path entangled state |ΨPol,4〉 (cf. Eq. (24)).
6VI. CONCLUSION
In conclusion we presented in Sec. II an experimen-
tal setup able to produce polarization-OAM entangled
two-photon states where both photons propagate in the
same direction. For these states we demonstrated in sec-
tions III and IV that due to the duality of the identical
photons entanglement sorting can be accomplished de-
pending on their angular momenta, i.e., via their polar-
ization or OAM degrees of freedom.
In Sec. III we showed that entanglement sorting via po-
larization can be achieved using a PBS while in Sec. IV a
holographic fork mask was employed to achieve entangle-
ment sorting via OAM. Hence, we could show that simple
experimental setups can be used to perform entanglement
sorting and, thereby, prove the dual entanglement of the
two angular momenta degrees of freedom.
In Sec. V we finally pointed out that entanglement sort-
ing can be generalized to higher photon numbers, dis-
cussing in particular the cases N = 3 and N = 4. From
these discussions it became evident that in case of even
photon numbers entanglement duality occurs and sym-
metric entanglement sorting is possible – meaning that
the two entanglement sorted states have symmetric path-
entangled structure – whereas in case of odd photon num-
bers the entanglement sorted states are of asymmetric
form.
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